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ABSTRACT 

Suppose that L is a second order elliptic differential operator on a manifold 
M, B is a vector field, and V is a continuous function. The paper studies by 
probabilistic and dynamical systems means the behavior as e ~ 0 of the 
principal eigenvalue 2~(V) for the operator L~ = eL + (B, V) + Vconsidered 
on a compact manifold or in a bounded domain with zero boundary con- 
ditions. Under certain hyperbolicity conditions on invariant sets of the 
dynamical system generated by the vector field B the limit as e ~ 0 of this 
principal eigenvalue turns out to be the topological pressure for some func- 
tion. This gives a natural transition as e-~0 from Donsker-Varadhan's 
variational formula for principal eigenvalues 1o the variational principle for 
the topological pressure and unifies previously separate results on random 
perturbations of dynamical systems. 

1. Introduction 

Le t  M be  a loca l ly  c o m p a c t  v - d i m e n s i o n a l  C 2- c lass  R i e m a n n i a n  m a n i f o l d  

a n d  G c M be  a c o n n e c t e d  o p e n  set in  M wi th  a p i e c e w i s e  s m o o t h  b o u n d a r y  

OG such  t h a t  G --  G U OG is c o m p a c t .  W e  a s s u m e  tha t  e i t h e r  OG cons i s t s  o f  

m o r e  t h a n  one  p o i n t  o r  it  is e m p t y ,  i .e. G = M ,  a n d  in  t he  l a t t e r  case  M is 

c o m p a c t .  S u p p o s e  t h a t  L is a s e c o n d  o r d e r  e l l ip t i c  d i f f e ren t i a l  o p e r a t o r  w i t h  C 2 

coeff ic ients  w h i c h  is s t rong ly  e l l ip t i c  in  t he  w h o l e  M i f  G = M o r  in  s o m e  

n e i g h b o r h o o d  o f  G in M i f  G is a p r o p e r  subse t  o f  M a n d  L 1 = 0. T h e  set  u p  

i n c l u d e s  a lso  a C 2 v e c t o r  f ie ld B on  M a n d  a c o n t i n u o u s  f u n c t i o n  V on  M .  I f  

G ~ M t h e n  the  coeff ic ients  o f  L a n d  B a n d  the  f u n c t i o n  V a re  s u p p o s e d  to  be  

t This work was supported by US-Israel Binational Science Fotindation. 
Received April 17, 1989 
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zero outside of some compact set containing G. This is not a restriction since 
we will consider boundary value problems in G which depend only on the be- 

havior of coefficients inside G. The operator L ' = eL + B generates diffusion 
Markov processes X~ considered as small random perturbations of the flow 
Ft : M-- ,  M given by 

(1.1) d(FtX)dt t=0 = B(x). 

Let rb be the first exit time of the process X7 from G. Then 

(f0 ) (1.2)  u~(t, x) = T~,a(t)g(x) d~2 E~Z~>,g(XDexp V(X~,)ds 

solves the problem (see, for instance, [F2], Chapter 6), 

t 'Ou~ = L'u~ + Vu~, 
(1.3) Ot 

u ~ l t = 0 = g ,  U~ lxeoa = O. 

Here E~ is the expectation for the process X7 starting at x and Ya = 1 ifA occurs 
and = 0 if not. In the case when G = M o n e  should take rb = oo in (1.2) and 

the boundary condition on OG in (1.3) should be removed. The operators 
T[,~ (t), t >= 0 form a strongly continuous semigroup of linear operators on the 
space Co(G) of continuous functions g on G which vanish on the boundary OG 
if OG 4= ~ with the norms 

II g II = s u p  [g (x ) l  and II T~,~(t)II = sup  II T~,,a(t)g II. 
x~G gECo(G), llg U = I 

By the submultiplicative property of the norm, the limit (which, in fact, does 

not depend on the norm) 

(1.4) 
1 1 

2b(V) = lim -- In II T[,,a(t)II = i n f :  In II T[,,a(t) II 
t - ~  t t>o t 

exists and is finite. Then 2b (V) belongs to the spectrum of L~. corresponding to 

zero data on OG and no point of  this spectrum has bigger real part (see [DV3], 

Theorem 2.2). If Vis H61der continuous then the spectrum is pure point and in 
the same way as in Lemma 3.1 of  [Ki 1 ] it follows from the theory of  positive 

operators from [Kr] that 2b (V) is the principal eigenvalue of the operator 
L~, = L '  + V corresponding to the Dirichlet boundary conditions on OG if 
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OG ~ ~ which means that all other eigenvalues have smaller real parts. 

Moreover 11 T~,a(t)11 = SUpxz~ Qf(t, x,  V, G), and so 

1 
2b(V) = lira - I n  sup Q[(t, x,  v, G) 

t-o¢ t x~a 
(1.5) 

where 

(1.6) 

If  V is 

Q~(t,x, v, G) =E~ze~>texp V(X~)ds . 

HOlder continuous then there exists an eigenfunction rb, v of L [  

corresponding to 2b (V) (see [Kr]) which is unique and it is the only positive in 

G eigenfunction of  L~. with zero data on OG. Then 

Q[(t, x,  V, G) = T~.,a (t) l(x) > II ra,v" II -'Tv,a(t)rG,v(x)` " 

= II rb, v II-'ea~(V~rb, v(X) 

which together with (1.5) implies that for any x E G, 

(1.7) 2b(V) = lim 1 In a[(t,  x, v, G). 
I ~ o 0  t 

In view of (1.5) and (1.6) 

(1.8) 2b(0) - Co < 2b(V) < 2b(0) + Co, where Co = sup I V(x)l. 
x E G  

If G = M then always 2b (0) = 0 since in this case we assume M to be compact 
and so T~,u(t)l = 1. On the other hand, if G is a proper compact subset of  M 

8 then I showed in [Ki3] that 2c (0) - ~ as e ---)0 if and only if the dynamical 

system F t has no invariant set in G. By (1.8) the same conclusion holds with 

respect to 2b (V). Thus the limiting behavior ofAb (V) as e ---- 0 is interesting to 

study when either G = M and V ¢ 0 or G ~ M and there exist F t-invariant 
sets in G. The simplest case when there exist Ft-invariant sets in G is, of  

course, B ~ 0. Then it is easy to see that 

(1.9) l im 2b (V) = sup V(x). 
e ~ 0  x E G  

Especially nice results one obtains when G contains finite number of  isolated 

FC invariant sets with some kind of hyperbolicity conditions where the topolo- 

gical pressure comes into the picture. Moreover in this case one sees the 

natural transition as e --- 0 from Donsker-Varadhan's variational formula for 
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principal eigenvalues to the variational principle for the topological pressure. 
In [Kill, [Ki2], and [EK] we treated the case V ~ 0  having in mind small 
random perturbations of dynamical systems as the main motivation there. In 
this paper I extend results to any continuous function V which is natural in 
applications to parabolic equations. 

The introduction of a function V in (1.3) enables one to make another 
step further and generalize results for some quasi-linear equations. By (1.2) 
and (1.5), 

1 
(1.10) lim sup =- In II u# (t,.) II 2b (v) 

for any continuous g. On the other hand, if rb,v is the eigenfunction of L~, 
corresponding to 2b (V) then 

u~.v(t, x) = eta'~<V)rb.v(X) 

is the solution of (1.3) with g = rb.v and we will get an equality in (1.10) for 
such g. Thus 2b (V) characterizes the maximal growth rate in t of solutions of 
the problem (1.3). Moreover, for any g >_- 0, g~0 ,  limt~o~(1/t)ln u~(t, x) exists 
and equals 2b (V) (see Lemma 4.1). This growth rate can be studied also for 
quasi-linear equations of the form 

IOwa(t, L'w~(t, x) + R(x,  w~), x) 

(1.11) l - O~--- 

],=0--g, wg Ix o --0, 

where 

(1.12) V(x, u) = u-IR(x ,  u), u 4~ 0 

is supposed to be bounded and continuous, and uniformly in x E G the limit 

(1.13) Vo(x) = V(x, 0) -- lim V(x, u) 
lg~C~ 

exists. In the case G = M the boundary condition in (1.11) should be disre- 
garded. If 

(1.14) sup V(x, u) < Co < - 2b (0) 
x ~ M , u  



Vol. 70, 1990 STOCHASTIC STABILITY 5 

for e > 0 then for such e all solutions of(1.11) tend to zero as t ---- oo and we will 

derive from the linear case that 

1 
(1.15) lim sup - lnl w~(t, x)l =< 2b (V0) 

and again for g >-_ 0, g ~ 0  lim sup can be replaced by lim and the inequality by 

an equality. Similar result holds true if limu_ ~ V(x, u) exists and solutions of  

(1.11) tend to infinity as t ~ oc. 

In view of [DV1] and [DV3] one has the following variational represen- 

tation: 

(1.16) 2~(V)= sup ( f  Vdlz-I~(t~)) 

where ~'(G) is the space of  probability measures on G, 

(1.17) I b ( # ) =  - inf fL 'Udp,  
uED+ ,JG U 

and D+ is the set of  functions from the domain o f L  ' having positive upper and 

lower bounds. The functional Ib (lZ) is lower semicontinuous which implies the 

existence of a measure/ f f  for which the supremum (1.16) is attained. These 

generalize invariant measures of  the process X7 which are #~ for V =  0 and M 

compact. It turns out that all limit points as e -~ 0 of  measures #f~ are invariant 

with respect to the flow F t. This yields, in particular, that if G = M is compact 

and F ' is a uniquely ergodic flow on M, i.e. there exists just one Ft-invariant 
measure/z, then 

(1.18) lim 2b(V) = f Vdla. 
e--0  ,JM 

The topological pressure Px(F, gz) of the flow F t on an U-invariant set K 

given a continuous function ~ can be characterized by the variational principle 

(1.19) Px(F, ~t)= sup (hu(F')+ f ~dla ) 
u~at# \ 

where .//~ is the space of  F t-invariant probability measures on K and hu(F ~) 
denotes the entropy o f F  ~ with respect to/z. We will see that if the limit set of  

the dynamical system U restricted to G consists only of  a finite number of  

hyperbolic sets then 2b(lO converges as e ~ 0  to PK(F, V+ q~u) where the 

function ~u is defined by (2.5). This already implies by convexity arguments 
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that all limit points as e ~ 0  of measures/t~, are Ft-invariant measures on 
which the supremum in the right hand side of (1.19) with ~ = V + ~u is 
attained. The measures giving the supremum in (1.19) are called equilibrium 
states and in the hyperbolic case for each HOlder continuous function ~ there 
exists just one equilibrium state (see [BR]). So we obtain convergence ofg~. to 
the equilibrium state corresponding to ~" + Vif  Vis HOlder continuous. This 

generalizes and gives a unified approach to results discussed in Chapter II of 
[Ki4], as well, as explains why limiting measures are likely to be equilibrium 

states also in more general circumstances. 
The above results can be also obtained for discrete time models where 

random perturbations may be not necessarily of diffusion type. In the conclud- 
ing section of this paper, I study corresponding questions for operators given 

by (1.2) with e = 0. 
I am pleased to thank S. R. S. Varadhan for his valuable remarks concerning 

Section 3 of this paper. A part of  this work was done during my visit to the 
Institute for Advanced Study at Princeton in February 1989 whose hospitiality 

and excellent working conditions I gratefully acknowledge. 

2. Convergence of principal eigenvalues 

In this section we will formulate some of the results concerning the behavior 

of Zb (10 as e ~ 0 and solutions of (1.3) and (1.11) which will be proved mainly 
in Section 4. 

First, consider the simplest case B ~-- 0. Then any subset of  G is F t- invariant 
and so the behavior of 2b (V) should not be trivial. Let x0E G be such that 
V(xo) = SUpx~o V(x). Take the e-ball U,(xo) centered at x0. Then by (1.5) and 
(1.6) applied to U~(xo) n G in place of G we derive 2b(V) > 2b n t:,~) (V). Since 

V is continuous it follows by (1.6), 

(2.1) Q[(t, x ,  V, U~(xo) n G) >= FT, {zb, t~)n ~ > t }exp(t(V(xo) - O(e))) 

where ~(e) ~ 0 as e ~ 0 and P~ {- } is the probability of an event in brackets for 

the process X~ starting at x. Since B -~ 0 the probability in (2.1) decreases not 

faster than exp( - v,,t) for some 7 > 0 provided x E U,(xo) n G which together 

with (1.5) gives 
lira inf Zb (V) > V(xo). 

~ 0  

On the other hand by (1.6), 
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Q f ( t , x ,  v ,  G)<= exp ( t  SUPx~a V(x ) )  

and we obtain the upper  bound  which yields (1.9). 

In order  to simplify notat ions we assumed in In t roduct ion  that  L 1 = 0, i.e. L 

has the form 

0 2 0 
1 a ' J ( x )  - + b'(x) 

i , j  i 

where the matr ix  (aO(x)) is positive definite for each x f rom some neighbor- 

hood of  G. In fact, everything goes through i f  we consider L + c(x)  for  a 

cont inuous funct ion c, i.e. when L ~ = eL + ec + (B, V) + V. Indeed,  substi- 

tuting ( V  + ec) in place o f  Vin to  (1.6) we see by (1.5) that  

I ~ b ( v )  - ~ b ( V  -4- ~c)l  ~ ~ sup I c (x ) l ,  
x E G  

and so as e --- 0 we have the same asymptotics.  

In order  to obtain more  interesting results one needs some assumptions 

about  the structure o f  F~-invariant sets in G. As in [Ki4] we will need 

the not ion of  g-pseudo-orbits  which are sequences o f  points x0 . . . . .  x ,  E G 

satisfying 

(2.2) dist(FZxi, xi+l)<=g f o r / = 0 ,  I . . . .  , n  - 1. 

For  a pair  o f  points x ,  y ~ G we write x ~ y  i f  for  any g > 0 there exist 

a non-negative t =< l and a g-pseudo-orbit  x0, • • •, xn E G such that  Ftx -- Xo 

and x,  -- y.  We extend this relation to a transit ive one " < " so that x ~ z iff 

there exists a sequence o f  points Y0 . . . .  , Yk~G such that  Yo = x ,  Yk = Z, 

and Yi "* Y~ +1 for  all i = 0, l , .  . . . .  k - 1. I f  x < y and y < x we write x -~y  

and call x and y equivalent  points. As usual, any maximal  set o f  equivalent  

points in G will be called an equivalence class which in our  case must  be a 

closed set. 

A closed set K is called F t. invar iant  i f  U K  -- K for all t. Suppose that  there 

exists a finite collection o f  U- invar ian t  equivalence classes K~ . . . . .  K~ c G t3 

aG satisfying the following Assumption A: 

(A1) O iK~ contains the limit set o f  the dynamical  system U in G, i.e. for  

any x E G all l imit points o f  F'x  as t -~ _+ ~ which belong to G belong also to 

U i K , ;  
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(A2) one can choose open disjoint sets Ui C M, i = 1 , . . . ,  x with piece- 

wise smooth boundaries OUi such that Ui 3 K,, the limit 

lim 2~,na (V) = 2K,(V) 
e~0 

exists, and for some positive fl0 < 1 and each 6 > 0 there is e(6) > 0 so that if 
e < e(6) then one can find a positive t(e, 6) <= ~-2"-Bo) satisfying 

(2.3) l[ T[,,v, na(t(e, 6)) II --< exp((AK,(V) + 6)t(e, 6)). 

The following result generalizes Theorem 2.1 from [EK] where V----0 
was assumed. Recall that the case G = M with M compact is included, 

as well. 

THEOREM 2.1. 

(2.4) 

Under Assumption A 

limAb(V) = max 2K,(V) 
e~0 1 ___<i_--<~: 

and the numbers 2x,(V) defined by (2.2) are determined by compacts K~ only, 
i.e. they do not depend on the choice of Ui. 

This theorem enables one to reduce the problem to the study of principal 
eigenvalues of operators L~ restricted to small neighborhoods of compacts Ki. 
This can be accomplished for certain types of Ft-invariant sets Ki. A glance at 
the Feynman-Kac formula (1.2) shows that the limiting behavior in (1.4) 

involves a fight between the functional exp(~ V(X*s)ds) and the exponential 
rate of decay of the probability for the process X~ to stay in G (if G is not the 

whole M) up to the time t. 
We will start with hyperbolic invariant sets. A compact Ft-invariant set 

K C M is called hyperbolic if the tangent boundle TM restricted to K can be 
written as the Whitney sum of continuous subbundles TrM = F s ~ F u, where 

F ° is the one-dimensional bundle tangent to the flow U ,  this decomposition is 
invariant with respect to the differential DU of U ,  and there exist constants 

C1, a0 > 0 such that 

and 

II DFt~ II ~ c, e-%' [I ~ II for ~ E F ~, t > 0 

IIDF-t([[ <C,e-%tH(I f o r ( E 1  TM, t>__O. 

A hyperbolic set K is called basic hyperbolic if K is a fixed point or contains no 
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fixed points, the periodic orbits of  F t I r are dense in K, F' I K is topologically 
transitive, and there is an open set U 3 Kwith  K = N -~<t<o~ FtU. 

The topological pressure PK(F, ~u) of the flow F t on a F t- invariant set Kgiven 
a continuous function ~ was defined by (1.19). Let K be a basic hyperbolic set 

and x ~K.  Denote by Jr(x) the Jacobian of  the linear map DE t : F u ~ FUpx with 

respect to inner products induced by the Riemannian metric. Define 

d Jr(X) 
(2.5) ~'U(x)= dt ,=o" 

I proved in [Ki2] (see also [Ki4]) that in the above circumstances 2K(0)= 
PK(F, ~u). We will obtain the following generalization: 

THEOREM 2.2. I l K  is a basic hyperbolic set then the limit 

(2.6) 2K(V) = lim 2b(V) = PK(F, ~O u + V) 
t:~O 

exists, it is independent of an open set U ~ K, U c G providedO -o~<t<o~ F try = 
K (i.e. there is no other Ft-invariant set in U), and a corresponding version of  
(2.3) holds true, as well. 

In the partial case when K is a hyperbolic fixed point of  F t we obtain that 

2K(V) = V(K) -- Xs max(Re di, 0) where d,, i = 1 , . . . , / t  are all eigenvalues of  
the matrix FI such that B(x) = Fl(x - K) + 0( Ix - K 12). 

We remark that if Assumption A holds true and all Ks are basic hyperbolic 
sets contained in G then the right hand side of(2.4) can be written in the form 
Pu,K,(F, ~o"+ V) where ~o" is defined by (2.6) on each of K~. Indeed, 
all U-invariant probability measures in G have the f o r m / t  = ~l<_i<=rpilzi, 
where ps > 0, Xs Pi = 1, and supp/~s c Ks. Since the entropy ha(F ~) is affine inkt 
(see [W]) then 

(2.7) hu(F')+ of (~ou+ V)d/t = ~  p~(hu,(F')+ f (~0~+ V)d/t) 

and so Pu,K,(F, ~o u + V) = maxs PK,(F, ~o ~ + V). Hence if U is an Axiom-A 
flow on a compact M then 

(2.8) lim 2~t (V) = Pu(F, ~o u + lO. 
e~O 

The topological pressure given by the formula (1.19) makes sense not only 

for hyperbolic sets. It would be interesting to obtain (2.8) for other classes of 
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F'-invariant sets. In more general circumstances when we cannot define ~o" by 

(2.5) it can be still obtained sometimes via the limit 

(2.9) 
1 

~o"(x) = lira - In vol( y" dist(FSx, FSy) < 6 for all s E [0, t]) 
l~°0  t 

which often exists and is independent of  5 > 0 small enough. Besides ¢u 
appears in PK(F, ~o" + V) only via integrals S ~o"d# with respect to Ft-invariant 

measures /t which make perfect sense for all smooth dynamical systems 

as minus integral of  the sum of positive Lyapunov characteristic exponents 

for/t .  

In the above case Kwas supposed to be strictly inside of  G. Assume now that 

K is an F t-invariant connected component F of  the boundary OG. Thus F is a 

closed smooth surface ofcodimension one. It is easy to see that one can pick up 

an open neighborhood U of F in M such that any point x E U has a unique 

representation x = 7(x) +p(x)n(x) where 7(x)EF,  Ip(x)l = Ix - 7(x)l = 
dist(x, F), and n(x) = n(7(x)) is the interior unit normal to F in the sense that 
it points out into the interior of  G, i.e. p(x) > 0 i f x  ~ U A G. Characterizing 

any point x E U by the pair (7(x), p(x)) we get a system of coordinates in U. 

In these coordinates the normal component q(x) of the vector field B(x) 
satisfies 

dp(Ftx) 

dt 
_ _  = q(Ftx) = q(7(Ftx), #(Ftx)). 

For each 7 E K  define 

aq(7,p) p=o fl(Y) ap 

and assume that uniformly in 7 ~ K the limits 

Y0  f0' (2.10) lim 1 'fl(FST)ds=flo and lim V(F'7)ds=vo 

exist. 

THEOREM 2.3. In the above circumstances let U be an open neighborhood of  
F with a smooth boundary aUsuch that U u OUcontains no closedFt-invariant 

sets except for F. I f  flo < 0 then 



Vol. 70, 1990 STOCHASTIC STABILITY 1 1 

(2.11) 2r(V) = lim 2bna(V) = fl0 + v0, 
g ~ 0  

and if Po > O, and, in addition, the dynamical system S t restricted to F has an 
invariant measure on F possessing a smooth positive density with respect to the 
volume, then 

(2.12) 2r(V) = lim 2bna(V) = - 2flo + Vo. 
g ~ 0  

In both cases the condition (2.3) is satisfied. 

The proof  of this result is essentially the repetition of the proof  of Theorem 
2.2 from [EK] and we will not give it here. 

The above results enable one to estimate decay and growth rates of solutions 
for the quasi-linear equation (1.11). 

PROPOSITION 2.4. (i) Let w~(t, x) be a solution of(1.1 l) and the condition 
(1.13) be satisfied. I f  uniformly in x, 

(2.13) lim w~(t, x) = 0 

then (1.15)follows and if g > O, g~/~O then 

(2.14) lim 1 In w~ (t, x) = 2b (V0). 
l~o0  t 

The condition (2.13) is satisfied for all bounded g if, for instance, (1.14) holds 
true. 

(ii) Suppose that uniformly in x E G the limit 

(2.15) V~(x) = lim V(x, u) 

exists. Let w~(t, x) be a solution of(l .11) such that uniformly in x 

(2.16) lim w~ (t, x) = 
l~o0  

then (1.15) holds true with Vo replaced by V~. I f  g > O, g~O then 

(2.17) lim 1 In ~,~(t, x) = 2b (V®). 
l ~ a 0  t 

The condition (2.15) is satisfied for all bounded g > O, g~O if, for instance, 
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(2.18) inf V(x, u) > - ,;tb (0). 
x~M,u 

REMARK 2.1. All results of  this paper go through if the coefficients of L 
and B are only C l but have HOlder continuous derivatives. 

REMARK 2.2. Under conditions of  Theorem 2.1-2.3 the number 2b (0) can 

be estimated for small e and so the condition (1.14) and (2.18) can be verified. 

The same theorems specify the behavior as e --- 0 of the right hand sides ;tb (II0) 

and 2b(V~) of  (2.14) and (2.17), as well. 

REMARK 2.3. Results similar to Theorem 2.2 can be obtained also when 

compacts Kj turn out to be certain types of  normally hyperbolic manifolds, say, 

when we have on K~ a flow diffeomorphically conjugate to an irrational 

rotation on a torus with a hyperbolic structure in the transversal to K~ 

subbundle. Then a modification of  the proof of  Theorem 2.2 from [EK] will 

provide the limit 2r,(V) (cf. Remark 7.1 in [EK]). 

REMARK 2.4. The same method works when G = M is not necessarily 

compact, say G -- M = R", but then the vector field B points inside, so that the 

flow F'  attracts every point to a compact domain containing all F t-invariant 
subsets in the spirit of  Theorem 1.7, Chapter I from [Ki4]. Then the process X7 

becomes strongly recurrent and we can study the behavior of  principal eigen- 
values as e ~ 0 in the same way as above. 

3. Consequences of variational formulas 

Supose that ~ is an arbitrary second order strongly elliptic differential 
operator on Mwith  C 2 coefficients and &~'l = 0. For any continuous function V 

on M denote by E~,~ the spectrum of  the operator ~ev = Z¢ + Vcorresponding 

to the Dirichlet boundary conditions on OG if the domain G as above is not the 

whole M and without boundary conditions if G = M and M is compact. Let 

" , 26 (V) E Zv,~ and 2 ~ ( V ) = s u p ( R e ~  ° 2 E Z ~ }  then by [DV1] and [DV3], ~ ~" 

one has the representation 

- (5 ) ~ (v )  - sup Vdu - I f ( u )  
uE~(a) 

(3.1) 

where 

(3.2) I~ (/~)-- - sup 
u~.D~+ 
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and ~ is the set of functions from the domain of Za having positive lower 
bounds. 

If V is H61der continuous then it follows from the general theory of  positive 
operators (see §2 Ch. 7 of [Kr]) that "~ 2~ (V) is an eigenvalue of ~ v  called the 
principal eigenvalue. The corresponding eigenfunction rv, o ~ is called the princi- 
pal eigenfunction. It is unique and rv,G ~ is the only positive eigenfunction 

of Lev. 
Consider the Markov semigroup of operators .Y-~(t)  acting by the formula 

(3.3) J-~v,G(t)g(x) = e-~gIV)t(r~G (x)) - 'Ex(Zr>tg(3[ ' t )r~G (~¢'t)e I~ v(~r)as) 

where ~rt is the diffusion process generated by the operator ~ and z is its first 
exit t ime from G if G 4= M and z = o~ if G = M. Clearly, 

1 
(3.4) ~d ( ~ v  ~ a, = - 2G ( V))rv,G 

rV, G 

is the generator of the semigroup 5 " ~  (t). The operator ~/generates a Markov 
process ~/v with transition probabilities 

P~v(t, x ,  F) = ~-v~,~(t)Zr(X). 

Since G will be fixed in this section we will usually omit the index G. 

PROPOSITION 3.1. Let  V be HOlder continuous then there exists a unique 

probability measure lt~ on G such that 

(3.5) 2a'(V) = f Vdgv ~ - I'~(lt~v ) 
, J  

and  this is the only invariant probability measure o f  the Markov process ~¢v. 

This measure has a smooth density tC~v with respect to the R iemannian  volume 

m on M ,  nvZ(x) ~ 0 as x ~ O G ,  and the transition density p ~ ( t ,  x ,  y )  o f  ~1 v 

converges exponentially fast  to n~v (Y) as t --, ~ .  

PROOF. Let qZv(t, x ,  y )  be the Green's function (see [F1]) of the parabolic 
equation Ou/Ot = .~vU corresponding to zero data on OG (if G ~ M). Then 
by (3.3), 

(3.6) p ~  (t, x ,  y )  = e-~"(v)t(r~v (X) ) -  Iq~ (t, x ,  y ) r~  (y )  

is the transition density of the Markov process ~v .  Let r~v ° be the eigen- 
function of the adjoint operator ~ *  = ~ *  + V corresponding to the same 
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eigenvalue ;tz(V) normalized by S ,.a,,s,.,¢,, -v -v  . . . .  = 1 Then ztv :e = ~z,~z. is the • t V t V  

density of  the invariant measure of  the process ~¢v since 

: a  dm(x)r t f  (x) p~v (', x,  y) = e - x ' '  : ~  dm(x)r~ ' (x)q~ (t, x,  y)rv ~ (y) 

= e-a"(v)t:a qv~*(t, y, x)r~*(x)dm(x)r~v(y) 

~'  .ft'* = rv (y)rv (y) 
~. .  

where qv is the Green's function of  the adjoint equation. Thus the probability 

measure/Zv ~ defined by 

/zvZ(F) = : r  rr~v(x)drn(x) 

for any Borel set F c G is the invariant measure of  the process ~ t  v. At this 

point we remark that when V ~ 0 the process ~ t  v and its invariant measure/t~" 

were studied in [P] and [GQZ]. In the last paper the uniqueness of/zv z for V-~ 0 

and its mixing properties were established. We will give here another argument 

based on Doeblin's condition. 
Since both ea'<V)tr~(x) and q~(t, x ,  y) as functions of  (t, x) are positive 

solutions of  the equation au/Ot = .~vU and qZv(t, x ,  y) as a function of( t ,  y) is 
also a solution of the adjoint equation then by the strong maximum principle 
the outward normal derivatives along aG of  rv u' in x and of  q~ in x and in y are 

strictly negative. Since these derivatives are continuous we derive from (3.6) 

that pv~(t, x ,  y) can be continuously extended into the whole G and this 
extended transition density denoted again pv u' satisfies pv :e (t, x, y) = 0 i fy  E aG 
and for each t, 5 > 0, 

(3.7) inf p~(t ,  x,  y) > ct.~ provided dist(y, OG) > 5 
xe(t~) 

for some ct. 3 > O. Of course, none of  these is needed if G = M is compact since 

then rv u' and q~(t, x,  y) are positive smooth functions on M and in this case 

one obtains for each t > 0 that 

(3.8) inf p~v(t, x,  y) > O. 
x , y~ -M 

Now we are under Doeblin's condition (see, for instance, [Ki4]) which implies 

the existence and uniqueness of  the invariant measure for ~ t  v and, moreover 

(see [BK], Proposition 2.8), 
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(3.9) I P~(t, x, y) - 7rv~(y) I ~ Ce -~t 

for some C, y > 0. 
Next, denote for any/Z ~ ~(G),  

f (3.10) I~'(/Z) = -  inf d/z, 
ue~5 (u/r~) 

then by (3.4), 

(3.11) I~(/Z) = pe(/z) _ f Vd/z + 2-~(V). 

Thus it remains to show that/z is an invariant measure of ~ t  v if and only if 
I~(/Z) = 0. To do this one has to mimic Lemmas 2.5 and 3.1 from [DV2]. This 
is straightforward if G = M is compact since then rv ~ is a C 2 positive function 
on M, and so it is bounded away from zero. IfOG is not empty then r~(x)~  0 
as x -~ OG and so some justification is needed. 

For/Z ~ ~ (G)  denote 

(3.12) J'(/Z)=-ueC+to)inf f l n ( ~ ) d / z  

J t ( / z ) = -  inf f ln(J'f(t)(u/r~v)l u C+¢  aa \ (u/rf) /d/z 

and 

(3.13) 

where C+(G) is the space of positive continuous functions on G. As we have 
seen above, the transition operator J'~v(t) of the process q#s has the con- 
tinuous kernel p~v(t, x, y), and so one can apply Lemma 2.5 of [DV2] to 
conclude that Jt( /z) = 0 if and only i f# is the invariant measure of  the process 

~v .  I claim that Jt( /z)  = 3t(/z). Indeed, take a sequence u, E C+(G) such that 
u, ~ rv ~ as n too then for any u E C+(6~) we have u/u, E C+(G) and u/u, t u/r~ 
as n 1 oo. Then, 

J t ( / z ) = - l i m  inf f ln(~-~v(t)(u/u")~ 

(3.14) > - -  inf lira In - a/z 

= 3 , ( u ) .  
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The last equality in (3.14) holds true in view of the formula (3.6) for the kernel 
p~(t,  x ,  y) of the operator 3r~v (t) and the strong maximum principle which 
gives the positivity of  inward normal derivatives on OG of the Green's func- 

tion q~ and the eigenfunction rv ~ . Similarly, 

J,( l t )  = - lim inf f a  In 
[~-'~v (t )(uu,/rv~ )'~, 

(3.15) > -  inf lim f ln(-Jr~v(t)(uu"/rvZ)ldlt 
= uec+(~).-~ \ (uu./r~) ] 

= J r ( u ) .  

Next, in the same way as in Lemma 3.1 of[DV2] one obtains that for any t > 0, 

(3.16) J,(l~) <= tI~(lt) and lim l j t ( l t )  = Id(p). 
, -~ t 

This together with the arguments above says that I~(/~) = 0 if and only if/t is 
an invariant measure of ~ v  which, together with (3.11) and the uniqueness of  

an invariant measure, completes the proof of Proposition 3.1. [] 

The following two results were indicated to me by S. R. S. Varadhan though 
the next statement seems to be standard in convex analysis. 

PROPOSITION 3.2. Let Jti)(lt) ,  i = 0 ,  1,2 . . . .  be convex lower semi- 
continuous nonnegative functionals on the space ~ (  Y) of  probability measures 
on a compact space Y. For any V from the space C(Y) of  continuous functions 
on Y and i = O, 1, 2 . . . .  set 

(3.17) 2to(V) = sup ( f _ V d l t - J ( ° ( I Z ) )  
#E~(Y)  \ J r /  

and 

Assume that 

(3.18) lim 2¢°(V) = 2¢°)(V) for all V ~  C(Y). 
l~o0 

Then all limit points as i --. ~ of  any sequence of  measure I z(i) E A/'~ ) belong to 
~U~ ) . 



Vol. 70, 1990 STOCHASTIC STABILITY 17 

PROOF. First, we remark that each o4/'~ ) is nonempty. Indeed, take a 
sequence gk ~ ~'(Y) such that 

(3.19) 2(O(V)=lim(:rVd~k--J(O(ltk))  " k - ~  

Since Y is compact we can choose a weakly convergent subsequence which we 

denote again by/tk,/-tk ~ / ~ .  Then 

lim inf J(i)(ltk) >--_ J(i)(lt) 
k ~  

by the lower semicontinuity of J 0)(/~), and so by ( 3.17 ) and (3.19),/t ~ ~/'~). 
Next, suppose that lt~ ) E , V ~  ) , then 

2 (i)( w )  ~" f Wdp~ ) - JCO(i.t~)) 
, . I  Y 

for any continuous W, and so 

2(o(w)  - ,vo(v)  >__ f y  ( w  - v)du~ ) . (3.20) 

Assume that/~) ~ / ~  as i --- ~ ,  then by (3.18) and (3.20), 

- 2 , 0 ) ( v )  >= - 2 , 0 ) ( w )  

for all W ~ C(Y), and so 

(3.21, f ) 
Since j(o) is a convex lower semicontinuous functional (remark that we do 

not use convexity of  j(o for i 4: O) then the well known duality of  convex 
functionals yields from (3.17) that 

(3.22) J ( O ' ( / t ) - - s u p  ( f W d l z - A ( ° ) ( W ) )  
W~=C(Y) \ J l ,  i 

for any/~ E ~'(Y). For the reader's convenience we will show (3.22) mimicking 
the proof  of  Theorem 9.12 in [W]. Since by (3.17), 2(°)(W) > ~ Wdl~ - J(°)(lt) 
for all W E  C(Y) and ~t E ~(Y),  then J(°)(/z) >= ~ Wdlt - 2°)(W) and so 

(3.23) J(°)(lz)_-> sup ( f W d l t - 2 ( ° ) ( W ) ] .  
WEC(Y) \dY ] 
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To prove the opposite inequality fix # E 2 (Y)  and take an arbitrary number  
b < jc0)(#). Let K = ((v, t) : v E  ~(Y),  j(0)(#) =<_ t _-< ~} .  Since jco)(#) is a 

convex functional, i.e. for any p~, P2 ~ 0, Pl "q- P2 ~ - -  1, 

J(°)(Pllh + P2#2) =< PlJC°)(#1) + P2JC°)(#2), 

then K is a convex set which is also closed by the lower semicontinuity o f J  (°). 
Since (#, b) ~ Kwe can use the separation theorem for convex sets on p. 417 of 
[DS] saying that there exists a continuous linear functional l such that 
l(#, b ) <  l(v, t) for all (#, t )EK.  By a version of the Riesz representation 
theorem (see [DS], Section IV, 6), l(v , t) = ~ Wdv - rt for some W E  C( Y) and 
a number  r. Hence ~ Wd# - rb < ~ Wdv - rt for all (v, t )EK.  In particular, 
(v, JC°)(v))EK, and so ~ W d # - r b < ~  Wdv-rJ t°) (v)  for any v E ~ ( Y ) .  
Taking v = #  we conclude that r < 0. Put I~ = W/r then ~ i f ' d # -  b > 

if'dr -J(°)(v) for any v E ~(Y).  Thus by (3.17), ~ if'd# - b  _-_ 2c°~(I~), i.e. 
if'd# - 2c°)(l~) => b, and so sup weccr) (~ Wd# - 2c°)(W)) >_- b. Since b can be 

any number  less than jco)(#) we derive supwec(y)(~ Wd# -2(°)(W))->_ jco)(#) 
which together with (3.23) gives (3.22). 

Finally, (3.21) and (3.22) yield 

f Vd# - 2c°)(V) = j(o)(#), and EJI/'~). [] SO # 
g 

PROPOSITION 3.3. Let Ib(#) be defined by (1.17). Suppose that for some 
sequence of  measures #i E ~(G)  and a sequence o f  numbers e,---, 0 there is a 

constant C < oo such that 

(3.24) I~(#;) <-_ C for all i = 1, 2 . . . . .  

Then any weak limit as i --" oo o f  measure #i will be an invariant measure o f  the 
flOW F t generated by (1.1), and so the set jgF o f  Ft-invariant probability 

measures with support in G is not empty or, equivalently, there exists an 

FCinvariant set in G. If, on the other hand, ,1¢ g is empty then 

(3.25) I~(#i)--, oo as i ---" oo 

for any sequence ei---,0 and ].lie ~(a). In particular, i f  #~, is defined by 

(uniquely, by Proposition 3.1 i f  V is HOlder continuous) 

(3.26) 2b(V) --- f _  Vd#~, - Ib(#~) 
d G  
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and ~tl r is not empty  then any weak limit as e---, 0 o f  measures U~, belong 

PROOF. Let C 2 (0) be the set o fu  ED+ which are C 2 in a neighborhood of 

G. It is known (see [DV3]) thai the infinum in (1.17) can be taken over 

u E C 2 (0) only. For such u we have e~Lu ---, 0 as e~ --- 0 uniformly in G. Thus if 

U / ~  # as i --- oo and I~(u~) < Cthen  

C > l i m i n f I ~ ( p , ) = l i m i n f (  - inf f L',u . \ 

f Le~u 
(3.27) > - inf lim sup duj 

uEC2+(t~) i ~  ,J d U 

inf f BUdfldef-- = I n ( u ) .  
u~C+(G) U 

Since B is the first order operator, and so Bu n = nu n- IBu, then 

(3.28) In(p)_- > inf r l B ( U , )  - - -  n I ~  ( U ) .  uec~+(o) d o u n du = n 

As usual, s = I~(/~) > 0 since u ~ 1 gives zero in the above integral, and so 
(3.28) leaves only two choices s I~ (u )  = 0 or = ~ .  This together with (3.27) 
yields s I~ (u )  = 0. Again we repeat the argument from Lemma 2.5 of [DV2]. 
Since we have 

then 

f BUdu>=O for any u ~ C 2 ( 0 )  
u 

f B ( l  + eu) 
du 

1 + e u  

attains its minimum at e = 0. Setting the derivative in e of this integral equal to 

zero we obtain S Budu = 0 for all u ~ C+(G). This already implies that 

(3.29) fu(rx)au(x)=fuau for all continuous u, 

and so U is Ft-invnriant. If, on the other hand, the set J¢~ of  Ft-invariant 

measures in G is empty then we cannot have I n ( u ) =  0, and so the only 

possibility I n ( p ) =  oo is left. Then by (3.27), lira inf~_~ I~(p~ ) = 0% and so 

(3.25) follows. We remark that dg F is empty if  and only if  there exist no 
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F'-invariant sets in ~ since the support of  any measure from d/~ is an 
Ft-invariant set and for each F-invar iant  compact set K one can find an 

F t- invariant probability measure whose support is contained in K. Thus by the 

result from [Ki3] mentioned in Introduction together with (1.8) we derive that 
if J / ~  is not empty then 

(3.30) lira infAb (F) > - oo. 
~ 0  

Now by (3.26) and (3.30) we have 

= f Vd#f, - 2b(F) < sup I V(x)l - lim inf;~b(V) + 1 < (3.31) I~ (/z[~) 
d G xEG e~O 

for some C < oo and all e small enough. Hence (3.24) is satisfied, and so by 
the first part of the proof any weak limit of measures/z~, as e ~ 0 belongs 
to ~#~. r-I 

REMARK 3.1. The same proof gives the lower semicontinuity of  func- 
tionals I~e(/z) in .~  with respect to the convergence of  operators in the sense of 

the uniform convergence of  their coefficients. 

As a consequence of Theorems 2.1, 2.2 and Propositions 3.2 and 3.3 we 

obtain 

THEOREM 3.4. Suppose that the maximal invariant set of  the flow F t in 
consists of  a finite number of basic hyperbolic sets K~ c G, i = 1 , . . . ,  x. Then 
for any V E C(G) all limit points as e --, 0 of measures It[, are equilibrium states 
lz ° of  the flow F t corresponding to the function ~ + V (with ~= extended 
continuously from K~, i = 1 . . . . .  x to the whole G), i.e. Ft-invariant probability 
measures satisfying 

P ~ ( F , ~  + V)= sup (h,(Fl) + f (9" + F)dv) 
vE.41~ 

(3.32) 
= h,~(F t) + f _  (~= + V)d# ° . 

J G  

All equilibrium states It ° have the form 

(3.33) /to ~ o > 0, ~,, P i  = 1 = PJ ,  tv ,Ki ,  P i  = 
1 <i_<t¢ l < i < g  

where o /~v.x, is an equilibrium state of the flow F t on K~ corresponding to the 

function ~u + V and, if  pj > O, then 
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Pxj(F, ~ + V) = PG(F, ~u + V) = max Px,(F, ~ + V). 
l<~i<x 

I f  V =  0 and there are attractors among K,. then th& max imum is zero and it is 
attained on attractors only. I f  this max imum is attained only for onej  and there 
exists a unique equilibrium state I~°v, xj on K; corresponding to ~o ~ + V then 

(3.34) ~ ,  ~ ll°.~ as e ~ O. 

I f  V is HOlder continuous then each I1°,~c, is uniquely defined. 

PROOF. It is known that the entropy hv(F ~) of  the flow F t restricted to a 
hyperbolic set is upper semicontinuous (since F' is h-expansive, see [B], 

Example 1.6" and [DGS], Theorem 20.9). Set Jt°)(v) = - hv(F ~) - S ¢Udv ifv is 

Ft-invariant and J(°)(v) -- ~ otherwise. Remark that J(°)(v) > 0 since - ~ ~"dv 
is the sum of positive Lyapunov exponents which by Ruelle's inequality is not 
less than the entropy. Clearly, J(°)(v) turns out to be a lower semicontinuous 
convex functional in v since the entropy hv(F 1) is attine in v (see [W]). By 
Theorems 2.1 and 2.2 together with the formula (2.7) we have 

(3.35) lim 2b(V) = P~(F, ~ + V). 

Setting J(i)(v) = / ~  (v), 2(°(V) = 25 (V) in Proposition 3.2 for ei ~ 0 we derive 
from Propositions 3.2 and 3.3 that all limit points of  measures /~. are 

equilibrium states of the flow F t corresponding to ~u + V. The representation 
(3.33) follows from (2.7) which also implies that if pj > 0 for some j then 
P~(F, q)u + 10 must attain the maximum. From [BR] we know the uniqueness 
of equilibrium states corresponding to HOlder continuous functions for 
flows on basic hyperbolic sets and that PK,(F, ~o u) = 0 if and only if K~ is an 
attractor. The HOlder continuity of fp~ in the hyperbolic case is well known 
(see [BR]). IZ] 

REMARK 3.2. To prove Theorem 3.4 one needs the upper semicontinuity 
of the entropy and some estimates of probabilities for diffusions X~ to stay in 

small tube neighborhoods of orbits of  the flow F t . Both things can be 

established in more general circumstances, for instance, in the case of  

uniformly partially hyperbolic sets (see [Y]) which enables one to extend 

Theorem 3.4 to this situation though one has to be careful since the uniqueness 
of equilibrium states may not be available in this case. 

REMARK 3.3. If we take V = - ¢" then 2b (V) will converge as e --- 0 to the 
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maximum of topological entropies of  F t on K~., i -- 1 . . . . .  x. If  x - -  1 then 

2~ (V) will converge to the topological entropy o f f  on K~ and pf~ wiU converge 

to the measure with maximal entropy (Margulis measure). 

REMARK 3.4. In the above theorem we derive the behavior of  Hf~ as e --- 0 
as a result of  the convergence of  2b (V) to the topological pressure. In another 

work we propose to study the behavior of  Hf~ as e -~ 0 directly in certain cases 

when the convergence of  2b (V) is not available. 

THEOREM 3.5. For any VEC(G), 

(3.36) lim sup kb(V) < sup f Vdp . 
..I G 

I f  ~g~ = ~ then one shouM take - ~ in the right hand side of(3.36). 

I f  G = M is compact then also 

(3.37) l iminfk~(V)  => inf f Vdp. 

PROOF. By Proposition 3.3 all weak limits as e-~ 0 of  measures/~f, are 

F t-invariant, and so 

lim sup 2~ (V) = 
g ~ 0  

< lim sup f VdHf~ 
e--0 J d 

_-< sup f VdH 

since Ib(~l) >= 0 for all ~/E ~(G) ,  proving (3.36). I f ~  = ~ then by (3.25) we 
g derive ;tG (V) - oo as e - -  0. If  G = M and M is compact then by (1.5), (1.6), 

and Jensen's inequality, 

(;o t ) ~.~ (V) = lim -1 In E~ exp V(X~)ds 
t ~  t 

(3.38) > lim -1 f t  V(X~)ds 
t ~  t J 0  

-- :M Vdp" 

measure of  the diffusion X," on the compact where # '  is the unique invariant 
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manifold M which, recall, equals/t~v with W = 0. Since all weak limits as e ~ 0 

of measures/t~ are U-invariant then passing to lira inf,-0 in (3.38) we obtain 
(3.37). [] 

THEOREM 3.6. Suppose that .I[ e consists o f  one measure ~to only (the 
uniquely ergodic case) and either G = M is compact or K = supp/t° C G, 
G # M and K is an attractor for theflow F t, i.e. there exists an open set U D K, 
(7 C G such that (] t>=o FtU = K and for any other open set (] D K there is 
T = T(U)such that FtU c U for all t >= T. Then for each VEC(G),  

(3.39) lira 2b(V) = f Vd/t °. 
~ 0  dG 

PROOF. If G = M is compact then (3.39) follows immediately from (3.36) 
and (3.37)• Suppose now that K = supp/.t o c G is an attractor. Remark that 
since/t o is the only U-invariant measure with support in G then G does not 

contain U-invariant sets other than K. Since the upper bound (3.36) remains 
still valid we need to derive only the lower bound. By (1.5), (1.6), and the 

Markov property, if t = Nn(e), x ~ Ua(K) = {z : dist(z, K) < g}, and d > 0 is 
small enough, then 

aa ( v) 

1 
>_ lim 

~-oo Nn(e) 
In Qf(Nn(e), x,  V, G) 

[ t"n(e) \ [ t'"(O \ 

N-o, Nn(g) 

(3.40) ( fo,(O ) × • • • × E~_,~,,, Z~>,(,) exp V(X~ )ds 

1 ( f 0 n , , )  >= - -  In inf EgZ,~>,(oZ~(,,~v~(IO exp V(X~)ds 
n(e) z~v~cK) 

> - -  
1 

In 
n(~) (;o" ) mf EzZe~ .#,~>,(oZ~(,ev,(K)exp V(X~)ds 

zEUj(K) rj~ r 

where Ur, t6)(K ) c G, ~1((~)~ 0 as 3 * 0, n(e) is the integral part of  e -1/4, and 

additional properties of ?~(g) will be specified below. Applying arguments of 
Proposition 4.2 of Chapter I from [Ki4] (which hold true whenever K is an 

attractor and F' is a continuous flow) we can choose 71(g) so that for e < e(g) 
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any el/4-pseudo-orbit o f f  starting in Ur(K) stays forever in Uty,t6))2(K) and any 
eU4-pseudo-orbit of  length at least n(e) starting in Ur(K) ends in Ur(K), as well 
(in fact, it will end arbitrary close to K depending on how small e is). By the 
inequalities (4.4) and (4.5) of  the next section we conclude that except for the 

probability of order exp( - file- 1/2) for some fll > 0 paths of the process X7 
considered at integer moments t = 0, 1, 2 . . . . .  n(e) are e~[4-pseudo-orbits. 

Besides, from the estimate (5.8) of  [Ki2] and from the Ft-invariance of K it 
follows that if 3 is small enough and X~, k = 0 . . . .  , n(e) stays in Utm))2(K) 

then XT~Um)(K) for all t e l 0 ,  n(e)] except for the probability of order 

n ( e ) e x p ( -  f12(yl(5))2e-~). From these we derive that for each z ~ Ur(K) and 
any e small enough O ~ E where O and E are events defined by 

O = (zu, o~m > n(e) and X~) ~ U~(K)}, 

= = ~  max sup< < dist(F'X~,X~+,)<C~I/2}, 
[0_-<k~<n(¢) 0 = s =  1 

X~ = z ~ U,(K), and moreover by (5.8) of [Ki2], 

(3.41) P~ {O} >_-- P~ (E} > 1 - 2n(e)exp( -- flte-1/2). 

Here one can take C = 2 s u p - t ~ z t  11DF ~ 11 and DF ~ denotes the differential 
o f F ' .  

If  the event E occurs then we can split each path of XT, 0 N t -_< n(e) into 
pieces iS(5) _-< t < ( i  + 1)S(5), i = 0 , . . . ,  k(e, 5) - l, S(5) = n(e)/k(e, 5) so 
that S(5)t  oo as 3~0 and for each o ) ~ E  there are points z~(o))EK, i=  
0 , . . . ,  k(e, 3) - 1 satisfying 

(3.42) sup dist(F"zi(to), X~(6)+. (09)) <= x / - ~ .  
O<u<S(6) 

Since Visa continuous function then there is ?2(3) ~ 0 as 5 ~ 0 such that for each 

o~ satisfying (3.42) one has 

Ifo*' I (3.43) V(X~(oJ))ds - Y, V(F%(oJ))du <__ n(e)~(6). 
i = 0  

Since F t is a uniquely ergodic flow then by the continuous time version of 

Theorem 6.19 from [W] we derive that there exists ~'3(5) ~ 0 as 5 ~ 0 such that 

uniformly in z E K, 

~ £"~) V(F"z)du £ Vdl.t° < ~/3(3). (3.44) - = 
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Finally, (3.40)-(3.44) together with Jensen's inequality yield for e sufficiently 

2b (V) >_ 1 inf In E~ Zz exp V(X~)ds 

(3.45) r 1 

>--- J r  Vdlt° -- 72(~) -- 73(~) + n(e) ln(1 -- exp( -- e-t/4)). 

Letting in (3.45) first e - ~ 0  and then ~ - ~ 0  we obtain liminf~_02b(V) >_- 
SK Vdl ~° which togefher with (3.36) proves (3.39) since K = supp p0. [] 

REMARK 3.5. For the hyperbolic case we obtained that 2b (V) converges to 

the topological pressure corresponding to the function V + ~0 u and in more 

general cases I believe that ~0 u can be replaced by the minus sum of positive 

Lyapunov exponents. If  we have a uniquely ergodic flow with all exponents 

being zero then Theorem 3.5 supports this conjecture. All known smooth 

examples of  uniquely ergodic flows have zero exponents but nobody knows 

whether it is always so. Thus the above conjecture is connected with existence 

of  smooth uniquely ergodic flows with nonzero exponents since for such flows 
the above conjecture would agree with Theorem 3.5 only if the unique invariant 

measure satisfies Pesin's formula, and so the entropy and the sum of positive 

exponents cancel each other in the formula for the topological pressure. 
One can see that the behavior of  the functional I~ (/t) for small e is natural 

also from the point of  view of large derivations. By [DV2] the functional Ib (/t) 

describes the large derivations behavior near/ t  as t ~ oo of  the occupational 

measure 

~"(t, o2,A) = z A ( X ~ i n ( s , r b ) ( f . o ) ) d s ,  A C G. 

Namely, if Q~,,,(B)= P~,{~"(t, ¢o, . )EB},  B c ~(G) ,  then for any closed set 
(g c ~(G) ,  

lim sup 1 In Q~: (~ )  < - inf Ib(/t)  
t~ao t ,~G 

and for any open set 6 C ~(G) ,  

lim inf -l In Q~,,t((9)' => - inf Ib (/t). 

small that 
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On the other hand, results of  [OP] and [Y] tell us that  i f  K is a hyperbolic 

= 

attractor then 

- h,(F ~) - f K~o"drl i f  r/~.//¢~ 

otherwise 

is the rate function for occupational measures 

(°(t. o9. A) = xA(F~x)ds. 

i.e., again, for any closed set c~ c ;~(U), 

1 
l im - In m (x  E U: (°(t,. x , .  ) E C} < - inf  It(q) 
t ~ o  t ~eC 

and for any open set (9 c ~'(U), 

1 
lim - In m {x E U" (°(t, x , .  )E  (9) > - infix(r/)  
t--oc t q e ¢  

where m is the Lebesgue measure and U is a small neighborhood of  K. So the 

t ransformation of  - I b  (it) into IK(it) as e ~ 0 seems natural. This is on the 

first sight the meaning of  (2.6) considering 2b(V) in the form (1.16) and 

PK(F, ~u + V) in the form (1.19). But the things are not so simple since usually 

lb (/1) = oo i f  It is not absolutely continuous with respect to m (see [DV2]) and 

Ix(It) = oo if  It is not U-invariant .  Since most (if not  all) F'-invariant measures 

are not absolutely continuous then as a rule we can not obtain IK(it) as a limit 

oflb (it) as e ~ 0 for fixed It. The correct approach to this limit is described by 
Theorem 2.2 and Proposit ion 3.3. 

4. Proofs of Theorems 2.1 and 2.2 and Proposition 2.4 

e We will start with Theorem 2.1. Since zv, n~ = zb (if G = M then zb = oo 
and so this is also true) we conclude from (1.5) and (1.6) that  2b(V) > 2~,, (V) 

for all i = 1 . . . . .  x, and so 

(4.1) lim inf2b(V) > max 2x,(V). 
e ~ O  l<~i<~x 

Therefore it remains only to estimate ;tb (V) from above. By (1.4) and the 

definition (1.6) of  Q~(t, x ,  V, G), 



Vol. 70, 1990 STOCHASTIC STABILITY 27 

(4.2) 

Denote 

1 
2b(V) = i n f -  In sup Q~(t, x, V, G). 

t>0 t xeG 

(f0" ) (4.3) Q~(n, 6, x, v, G) = E'x exp V(X~)ds 

where U6(y)= {z: dist(z, y ) <  6} and 1-I denotes the product. Then by the 
Markov property for any integer n > 0, 

(4.4) 
[ Q~(n, x, V, G) - Q~(n, 6, x, V, G)[ 

<= ne co" sup P~ {dist(F~z, Xf ) >= 6} 
zEG 

where Co was defined in (1.8). By estimates of [A] it follows that 

(4.5) P~z {dist(Ftz, XD >_- 6} < C2e-Ve -p2~-' 

for any z E G and some constants C2, P2 > 0. Now if (2.3) holds for t(e, 6) < 
e-2(t-P0 ) we choose n = n(e)= [e -2+~0] where [.] denotes the integral part. 
By (4.2), 

1 
(4.6) 2G(V) = - In sup Q~(n, x, v, G). 

n xeG 

In the same way as in [EK] one concludes from (4.3)-(4.5) that in order to 
estimate the right hand side of (4.6) with n = n(e) it suffices to take into 
account only those paths of the diffusion X7 which are 8-pseudo-orbits, i.e. 
such that 

(4.7) dist(F~X~,X~+l)<6 f o r a l l k = 0 ,  1 . . . .  , n ( e ) -  1. 

From this point the proof of Theorem 2.1 proceeds exactly in the same way as 
the proof of Theorem 2.1 from [EK] employing the Markov property of the 

process X7 (or. the semigroup property of  the operators T~,a) in place of the 
Chapman-Kolmogorov formula in [EK]. 

Next we will discuss the proof of Theorem 2.2. Denote 

(4.8) Q3( , 6, x, y, V, U) -- Ex' X,~,>t Xsupo . . . .  dist(g,ry)__<6 e x p  V(X~)ds . 

Then 
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( ( 5 0 ) )  e -'y~tv'6~ < Q~(t, 5, x, y, V, U) Q~(t, 3, x, y, O, U)exp V(FSy)ds 

(4.9) 
< etr~(v.,~) 

where 

(4.10) 7v(~u, 5)=exp{Iv(zO-v(z2) l :Z l ,  Z2~U, dist(zl, z2)<5} 

for some C3, f12 > 0 since we assume that V is continuous. By Theorem 2.1 of  

[Ki2] there exist positive constants eo, 50, a~ and a2 so that 

(1-e~,)texp(-a2/e2)<=Q~(t,5, x ,y ,O,U)exp( - f j~o"(F~y)ds)  

(4.11) 
__<(l + e-,)' 

for any x E M ,  y E K  whenever dist(x, y) < 8/2, 0 < e < eo, e 2/3 ~ 5 ~ 50, and 

t > e - '~° (the fight hand side of  (4.11) holds true without the assumption 
dist(x, y) < 5/2 and e - ~J~0 can be replaced by e-~ with a > 0 arbitrarily small). 

If dist(x, y) < e then one can put o~2 = 0. 

REMARK 4.1. The reader willing to go through the details of  the proof  of  

Theorem 2. ! in [Ki2] should be warned about a mistake in the definition of  the 
operator DS" in the formula (4.12) there. The restriction of  DS t on F s should 

be taken as an arbitrary linear operator DS': f~x---'F~,x preserving inner 

products there. 

In what follows we will need the notion of  a (5, T)- separated set which is a 

subset S of  K such that x, y E S ,  x ~ y  imply dist(Ftx, F ty)>5 for some 

t E [0, T]. It is clear that if S is a (8, T)- separated set and y, z E S, y ~ z then 

U6/2(y, T) and Ua/2(z, T) are disjoint where 

Ua/2(v, T) = {w" dist(Ftv, Ftw) _-< 5/2 for all t E [0, T]}. 

Thus S is a finite set and the number of  points of  S does not exceed some 

constant l(5, T) depending just on 5 and T. Thus there exists a maximal 

(5, T)- separated set S(5, T) (not necessarily unique). It is clear that for any 

y, zES(5 ,  T), y 4: z the events {dist(Xt *, Uy) =< 8/2 for all t ~ [0 ,  T]} and 

{dist(X~, Ft2) < 8/2 for all t ~ [0, T]) are inconsistent. Thus i fa  neighborhood 

UofKappear ing  in Theorem 2.2 satisfies U D U6a(K) = {z : dist(2, K) _-< 5/2} 

then 
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(4.12) Q~(T,x, V, U) > Z Q~(T,t~/2,x,y, V, U) 
yES(tI ,T) 

for any x E U. 
Denote by pb(t, x, y) the transition density with respect to the Lebesgue 

measure m on M of the part of the process X: until the first exit from U, i.e. in 
other words, the fundamental  solution of  the problem Ou/Ot = L'u with zero 
data on the boundary of  U (see [F2], Chapter 6). Let Ui D U6:4(K) be an open 
set such that O, C U. Then by the strong maximum principle and the 
continuity ofpb( t ,  x, y) for any x E U one has 

(4.13) inf pb(1, x, z) = Pb, (x) > O. 
z~Ul 

Now from (1.6) and (4.8)-(4.13) it follows that 

Qf(T, x, V, U) >= e-CoQ~(T + 1, x, V, U) 

> e-2C° : v  pb(1, x, z)Qf(T, z, V, U)dm(z) 
I 

> e-2C°pb'(x) f v  Q7(T, z, V, U)dm(z) 
1 

(4.14) > e-2Copf:,(x) :. ,  :~.,~ Q~(T, 6/2, z,y, V, V)dm(z) 

> e-2C°pb'(x) Y" :v ,  Q~(T, ~/2, z, y, V, U)dm(z) 
y~.S(6,T) .,4(,) 

> e-2Copb,(x)(1 - t",)rexp( - ot2/e2)e -TrU{V'6) min m(U~12(y)) 
yES(6,T) 

× exp ( f : (¢ (e 'y )+  v(e',))as). 
Thus by (1.5), 

1 ( r :  ' ) 
~.b(V) >__ lim sup - I n  Y, exp (~"(F'y) + V(F~y))ds - e", 

T ~  T y~s(6, r) ., 
(4.15) 

- r v ( v ,  ~). 

Next, we will recall another definition of the topological pressure Pr(F, ~) 
which is equivalent to (2.5) (see [W], Chapter 9). Define 
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and 

(4.17) 

Then 

(4.18) 

1 
PK(F, ~t, 6) = lim sup -- In Zr(F, ~t, 6, T). 

r - ~  T 

Px(F, ~u) = lim Pr(F, ~', 6) 
~ 0  

where PK(F, ~) is the same as in (2.5). Let again S(6, T) be a maximal 
(6, T)- separated set in K and let S be any (26, T)- separated set in K. Then, 
clearly, for each point z ~ S  there is a point y ~S(6,  T) such that 

sup dist(F'y, F'z) <-_ 6. 
O<=t<=T 

This point y is not necessarily unique but to different points z from S must 
correspond different points y from S(g, T) since S is (26, T)- separated. One 

concludes from above that 

(;o" ) (4.19) Y, exp ~(Fty)dt > Zr(F, ~, 26, T)e -r~K(~'a), 
y~S(6,T) 

where 7K(q/, 6) was defined by (4.10). This together with (4.16) and (4.17) 

yields 

( ( £ )  PK(F, ~, 6) >= lim sup 2 exp ~(Fty)dt) 
T ~  m \ y~S(tJ,T) 

(4.20) 
>= PK(F, ~', 26) -- ~K(~', 6). 

So for a continuous ~, one gets the topological pressure in (4.18) without taking 
the supremum in (4.16), just by considering the sum there over any maximal 

(6, T)- separated set. 
In our circumstances (4.15) and (4.20) imply 

(4.21) 2~(V) >= PK(F, ~0 u + V, 2 a ) -  yK(~0u + v, 6 ) -  yv(v, g ) -  e% 

First letting e ~ 0 and then 6 ~ 0 we obtain 

(4.22) lim infaf}(V) > PK(F, ~o" + V); 
g ~ 0  

since ~aUand V are continuous then both 7K(~a u + V, 6) and yv(V, g) tend to 

zero as 6 ~ O. 
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Next, we will obtain an upper bound  for Qf(T,x,  V, U). Employing 

arguments from the proof  of  Theorem 2.1 with G = U, x = 1, and K~ = K we 

see that we can substitute U by any arbitrarily small neighborhood of  K, i.e. 

it suffices to obtain estimates for Q[(T, x, V, O) where 0 D K, 0 C U6,(K) 
with 61 > 0 small enough is an open set with a piecewise smooth boundary.  

In view of  (4.2) it suffices to obtain an appropriate upper bound only for 

some T which will be chosen as T = n = n(e) = [e -H°] + 1. Take 6 = 6(e) = 
e 1/2, then we conclude from (4.4) and (4.5) that  it suffices to estimate 

Q~(n(e), 6(e), x, v, O) in place of  Qf(n(e), x, v, 0), i.e. one has to take into 

account only paths of  the process X: which are 6(e)-pseudo-orbits staying in 0 .  

Since we are in a small neighborhood of  a hyperbolic set K the shadowing 

lemma (Lemma 3.2 of  [Ki2]) says that  there exists a constant  C3 > 0 such that  

for any 6-pseudo-orbit o9 = (x0, x ~ , . . . ,  x,(~)) with x~ ~ 0 C U~, (K), i = 

0 . . . .  , n(e) one can find a point Y,o such that 

(4.23) dist(Fky~, Xk) <= C3n(e)d(e) for all k = 0 . . . . .  n(e). 

By Lemma 3.1 of  [Ki2] there exists a constant C4 > 0 independent  of  o9 = 

(x0 . . . . .  x,(,)) and a point z,o E K such that 

(4.24) dist(Fkzo, Xk) <= C46~ for all k = 0 . . . . .  n(e). 

Put 62 = C46~ and consider a maximal  (62, n(e))-separated set S(62, n(e)). 
Then 

Q~(n(e), 6(e), x, v, O) 

(4.25) _-< Y~ 
y: y~S(62,n(e)), y ~  U26zlx ) 

= Z 
y: y~S(~,n(e)) ,  y E  U ~ ( x  ) 

E ~  e j > x )~To > n(e))~maxl~j<n(~)dist(A~j,F y)=2~2 exp ( f o n(e) V(XDds) 

Q~(n(e), 4Cs62, x,  y,  V, O) + w ,  

where the last inequality is just the definition of  W and 

(4.26) C5 = sup II OFt ]l >-- 1. 
- l_<t<l  

Employing the Markov property we obtain 

W ~ l(62, n(e))r(e)e con(') 
(4.27) 

× sup Pg{~pdis t (X: ,Fty )>4C562}  
y E K ,  zEUzaz(y) 0 1 
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where, recall, l(~2, n(e)) is the number of points in S($2, n(e)) which satisfies 

(4.28) l(c5~, n(e)) < (Cd~f-v) ~(° 

for some C6 > 1. In the same way as in [Ki2] we use Theorem 1.2 from [VF] to 
derive that the probability in the fight hand side of (4.27) does not exceed 
exp( - a3/e 2) for some ~3> 0 provided e is small enough and, say, c~ > e ~/2 
Then by (4.27) and (4.28) for small e, 

(4.29) ~t" _-< exp - . 

Finally using the right hand sides of (4.9) and (4.11) together with (4.4), 
(4.5), (4.25), and (4.29) we obtain for e and ~ small enough, ~1 ~ ~1/2 that 

Qf(n(e), c, V, 0)  ~ Q~(n(e), ~(e), x ,  V, O) + e -"-''2 

(4.30) _-< 2 exp( - e 1/2) + (1 + e~l)n(")exp(n(e)?,u( v, 4c4cs~1)) 

From (4.6) which holds also for G = 0 and from (4.16)-(4.17) we derive 

(4.31) l imsup2"o(V)N Pr(F,~o '~ + V, C4~I)+ ~v(V, 4C4Cs~). 
e ~ 0  

Letting ~ ~ 0 one obtains 

(4.32) lira sup 2~(V) _-< PK(F, ~o ~ + V). 

By arguments of the proof of Theorem 2.1 given in the proof of Theorem 2.1 in 
[EK] it follows that the left hand side of (4.32) remains the same if 0 is 
replaced by U. This together with (4.22) gives (2.7) and completes the proof of 
Theorem 2.2. [] 

Next, we will etablish Proposition 2.4. If wg solves (1.11) and (1.14) holds 
true, then by the comparison theorem (see [F1], Chapter 2) I% I --< I vg I where 
v~ solves the equation 

l = L'v;(t, x) + Cove(t, x), 
(4.33) 

1 
[v ;  I ,~o=g ,  v~ [ ~ o ~ = 0 .  
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If G = M and M is compact then the boundary condition in (4.33) should be 

disregarded. Since Co < - 2b (0), 2b (0) < 0 then, for large t, 

(4.34) e e ~ 0  II %(t, x) II =< II v~(t, x) II ---< e-~" II g II ,_~  

where a, = - ½ (2b (0) + Co) > 0. Then solution of (1.11) satisfies the following 
integral equation: 

) (4.35) w~(t, x) -- E~):~>tg(X~)exp V(X~, w~(s, XD)ds 

where V(x, u) was defined by (1.12). Using uniform convergence in (1.13) and 

(2.13) we derive (1.15) and moreover i fg  >= 0 then 

(4.36) lim 1 In w~(t, x) = lim 1 In u~(t, x) 
t - ~  t t - ~  t 

where u~(t, x) solves the equation (1.3) with V(x) = Vo(x) = lim,_0 V(x, u). 
In order to obtain (2.14) it suffices therefore to prove the following result. 

LEMMA 4.1. 

(4.37) 

for any x E G. 

Let u~(t, x) be a solution (1.3) with g >= O, g~O. Then 

lim 1 In Ug(t, x) = 2b(V) 

PROOF. Let 17" = V - Co with Co given by (1.8). Now ifa~ is the solution of  
(1.3) with l? in place of V then a~ (t, x ) =  e-Cotu~ (t, x) and 2b (I?)= 2 b ( V ) -  

Co. Hence it suffices to prove (4.37) with I? in place of V, i.e. we can assume 
from the beginning that V < 0. In this case we can apply the strong maximum- 
principle for parabolic equations (see [F1], Chapter 2) which yields for 
t >_- to > 0 that 

(4.38) ri,,~Qf(t,x, V,G)<u~(t ,x)<rg,toQf(t ,x ,  V,G) 

where rg,~ < ~ is a positive constant and Qf is given by (1.6). Indeed, both Q~ 

and u~ are solutions of  the parabolic equation (1.3) with zero data on 0G, they 

are smooth and positive in G, and by the strong maximum principle their 

outward normal derivatives are strictly negative along OG. It follows that both 

Qf(t, x, V, G)(u~ (t, x))-I  and u~(t, x)(Q~(t, x, v, G))- 1 are bounded in x for 
any fixed t > 0 and so by the comparison theorem these ratios are bounded 
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uniformly in (t, x) provided t >_ to > 0, proving (4.38). Now (4.38) together 

with (1.5) gives (4.37) proving Lemma 4.1. The proof of  (2.17) under the 

conditions (2.15), (2.16), and (2.18) is the same as the above proof of  (2.14). [] 

REMARK 4.2. If some solution w~ of (1 .11 )  satisfies w~(t,x)---,q(x) as 

t ~ oo uniformly in x where g > 0, g ~ 0  and 0 < C -  ~ < q < C < ~ for some 
C, then setting l?(x) = V(x, q(x))/q(x) we conclude from (4.35) in the same 

way as in (4.36) that 2b(l  ?) = 0. 

5. Discrete time models 

Suppose that M is a compact metric space, G c M is an open set, and Visa  

continuous function. Consider a Markov chain X,, n = O, 1 , . . .  on M whose 

transition probabilities 

P(x, F) = = x) 

have continuous positive densities p(x, y) with respect to certain probability 

measure m on Msuch  that m(G) > O. Set z~ = min{n : X. $ G} and introduce 

the operator 

(5.1) 

Tv,~g(x) = E.Z.~> I g(X1)exp(V(XO) 

zo(x) r p(x, y)eV(y)g(y)dm(y) 
,d G 

where Ex is the expectation for the process Xn starting at x. The operator Tv, a 
leaves invariant the space C0(G) of  functions which are continuous in O and 

equal zero outside of G. Denote by 1[ • [1 the supremum norm for functions 

and the corresponding norm for operators. If  Tv,a(n) denotes the n-th iterate 

of  Tv, o, Tv, G(I) = Tv,a, then Tv, a(n)g(x) = ExZ,~>.g(X.)exp(Z~,= 1 V(Xk)) and 
by the submultiplicative property of  the norm the limit 

(5.2) 2~(V) = lim 1 In II Tv,G(n)II 

exists. Since p(x, y) > 0 it is easy to see that the limit (5.2) does not depend on 

the choice of  a norm. From [DV2] it follows that 

(5.3) 2a(V) = sup ( f o  Vd#-lo(l~)) 

where 
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(5.4) Ic(/.t)=-uEc+~¢)inf : l n ( ~ ) d / a ,  

Pu(x) = ~ p(x, y)u(y)dm(y), and C+(G) is the space of  positive continuous 
functions on G. 

REMARK 5.1. In fact, [DV2] treats the case o fa  Markov operator and if we 
restrict P to G then we obtain, in general, a sub-Markov operator. From § l, Ch. 
7 of [Kr] it follows that there exists a positive eigenfunction w of the operator P 
corresponding to the eigenvalue y with maximal absolute value. Put p(x,  y) = 
(w(x)y)-lm((~) p(x, y)w(y), rh = ( m ( G ) ) - I m ,  Pg(x) = S 15(x, y)g(y)drh(y), 
and Tv,~g(x)= l~(eVg)(x). Now we can use [DV2] in order to derive (5.2)- 
(5.4) for 7~v,~ and /~  in place of Tv,~ and P. But then we see directly that 
(5.2)-(5.4) remain true for Tv,~ and P, as well. 

From the theory of positive operators (see [Kr], § 1 of Ch. 7) it follows that in 
our circumstances e a~t~ is a simple eigenvalue of Tv,~ having maximal 
absolute value and the corresponding eigenfunction rv,~ is positive and 
continuous on G. 

Introduce a Markov chain ~¢, with the transition operator 

(5.5) 

Since 

(5.6) 

~'-v,og(x) = e-~(V)(rv, o(x)) -i : c  p(x, y)eV¢y)rv,G(y)g(y)dm(y). 

I~(P)  = - uec+(a)inf .3 f ~  In ( ~ Z f f ~ ) d / t =  I~(/~) - : Vd#+ 2G(V) 

then from Lemma 2.5 of [DV2] and the uniqueness of an invariant measure 
under Delblin's condition we derive 

PROPOSITION 5.1. There exists a unique probability invariant measure 
ltv,~ of the Markov chain ~I, which is the only probability measure on G 
satisfying 

(5.7) 2a( V) = :~ Vdpv, c - I~(ltv,~ ). 

Since the functional I~(p) is convex and lower semicontinuous we can use 
Proposition 3.2 without any change. 

Now consider a family of Markov chains X~, e > 0 with transition densities 
p*(x, y) satisfying the same conditions as p(x, y) above and uniformly in 
xEM,  
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t "  
(5.8) J p ' ( x , y )g ( y )dm(y ) - - ' g (Fx )  ase ---0 

for any g ~ C(M) where F : M  ~ M is a continuous map. Define T~,o by (5.1) 
with X~ in place of X~, define 2b by (5.2) with T~,,o in place of Tv, o, and define 
Ib(u) by (5.4) with P'u(x) = S p ' (x ,  y )dm(y)  in place of  Pu(x). 

PROPOSmON 5.2. Suppose that for some sequence o f  measures lt~ E ~ (G)  
and a sequence o f  numbers e~ ---, 0 there is a constant C < oo such that 

(5.9) I~(g~) < C fora l l i  = 1, 2 . . . . .  

Then as i ---, oo any weak limit ~ o f  measure lt~ will be an invariant measure o f  
the map F, i.e. I~(F-~U) =lt(U) for any Borel set U c G. So the set ~11~ o f  
P-invariant probability measures with support in G is not empty or, equiva- 
lently, there exists a F-invariant set in G. If, on the other hand, J¢~ is empty 
then 

(5.10) I~(pi)--,oo asi---,oo 

for any sequence e~ ---" 0 and gi E ~(G).  In particular, i f  lt~,o is defined by 
(uniquely, by Proposition 5.1) 

(5.11) 2b(V) = f ~  Vdlz~,o - lb(lt~,,o) 

and ~t~ is not empty, then any weak limit as e--. 0 o f  measures g~. belong 

to -¢¢~. 

PROOF. If#~ ~ /t then by the uniform convergence in (5.8), 

C > l i m i n f / ~ ( p ~ ) = l i m i n f (  - inf f l n ( ? ) d g , )  
i--~o i--Qo \ uEC+(~) ,d G 

f" [ P ~ u \  
(5.12) >=- inf l i m s u p | l n [ -  --]dgi 

uEC+(~) i~Qo J~  k u /  

f u(Fx) def 
= - inf l n - - d g ( x )  = F I~ (U). 

,~c÷(~) a ~ u(x) 

B u t  

(5.13) e _ inf f In (u(Fx))" I (u) . . . .  ,ec+(a) a a (u(x))" dg(x) nI~(lt) 

and since e > 0 r I~(#) or oo I~ (#) then either = 0 = which together with (5.12) 
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gives IF(p) = 0. Applying arguments of Lemma 2.5 of [DV2] in the same way 

as in Proposition 3.3 we derive that I F ( p ) =  0 Occurs if and only if p is 

F-invariant. Other assertions of Proposition 5.2 follow in the same way as in 
Proposition 3.3. 

THEOREM 5 .3 .  

(5.14) 

[] 

(i) For any V E  C(G) 

lim sup 2b (V) __< sup F Vdp. 
e~0 UE.M~ J (~ 

I f  ~l¢ v then one has to put - ~ in the right hand side o f  (5.14). 

I f  G = M then also 

(5.15) lim inf2~t(V) >= inf F Vdp. 
e~0 ,u e.a~ JM 

(ii) Suppose that Jti~ consists of  one measure only and either G = M or 

K = supp pO c G, G 4= M and K is an attractor for F (the definition is the same 
as in Theorem 3.6 with F', t = O, 1, 2 . . . .  being iterates ofF).  Then for each 
v~c(~), 

(5.16) lim 2b (V) = F Vdp °. 
e~0 ,JG 

PROOF. The Proof of  (i) is the same as in Theorem 3.5. Hence if G = M, 
(5.16) follows. I fK  = supp p0 c G then the proof of(5.16) can be obtained by a 

slight modification of proof of Theorem 3.6. By (5.8) for each 6 > 0, 

(5.17) sup F pqx ,  y ) d m ( y ) = y ( e , 6 ) - ~ O  a s e ~ 0 .  
x E M  d M\U6(Fx) 

The main difference with the continuous time case is that we do not have, in 
general, any estimates ofx(e, 6) for small e and 6. Still we can choose n = n(6) 
in place of n(e) in (3.40) so that with probability close to one paths of the 
process X~ turn out to be 62-pseudo-orbits of  F. The remaining part of  the 

proof is similar to Theorem 3.6 since one needs here only the uniform 
continuity and not smoothness of the map F together with (5.17). [] 

REMARK 5.2. A version of Theorem 2.1 can be proved already under the 

above general conditions, but since we not have estimates of 7(e, 6) then to go 

through we have to assume that t(e, 8) in Assumption A satisfies 
(t(e, 6))-lln 7(e, r) ~ - oo as e - -  0 for all 6, r > O. 

REMARK 5.3. Everything goes through if we require only that k-step 
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transition probabilities of  X~ have positive densities for some k which may be 

bigger than one. Also the compactness assumption on M can be relaxed since 

we are only interested in the behavior of  the processes X~ in G. Besides one can 

consider X, ~ whose transition densities p~ (x, y) are continuous in G, positive in 

G, and zero on OG. In this case one needs an additional assumption saying that 
p~(x, y) tends to zero as x ~ OG with the same rate as dist(x, OG) which we had 

in Section 3 by the strong maximum principle for parabolic equations. 
Let now F b e  a C2- diffeomorphism of  a v-dimensional C 2 compact Rieman- 

nian manifold M. We assume that transition densities p~(x, y) with respect to 

the Riemannian volume of Markov chains X~ behave locally as 

e-~qFx(e -1Exp~x I y) where Expz : TzM---'M is the exponential map of  the 

tangent space TzM to M and qz is a continuous positive function on TzM 
decreasing exponentially fast at infinity and whose integral with respect to the 

Riemannian volume in T~M equals one (for more precise conditions on 

transition densities see Assumptions 1.1 and 7.1 from Ch. 2 of  [Ki4]). Recall 

that a compact F-invariant set K c Mis  called hyperbolic if the tangent bundle 

TM restricted to K can be written as the direct sum of continuous subbundles 

TKM = F s ~)F u satisfying the exponential dichotomy conditions given before 

Theorem 2.2. A hyperbolic set Kis called basic hyperbolic if the periodic orbits 

of  F [ K are dense in K, F [ r is topologically transitive, and there is an open set 

U ~ Kwith  K = f') -o~<n<~ FnU. The topological pressure PK(F, ~u) o f F o n  K 
given a continuous function ~u can be characterized by the variational principle 

(5.18) Px(F,~u)= sup (hu(F) + fr~udl~ ) 
#tE./¢[ 

where hu(F) is the entropy o f F .  Let J(x) be the absolute value of  the Jacobian 

of  the linear map DF:F~ ~ F}~. Define ~oU(x) = - In J(x). 

THEOREM 5.4. Let K be a basic hyperbolic set and U be its neighborhood 
such that 0 contains no other F-invariant sets. Then 

(5.19) l im 2[,(V) = Px(F,  ~o u + lO: 
g~0 

The proof goes through exactly in the same way as in Theorem 2.2 using the 

machinery of  Section 2.7 from [Ki4]. 
In the same way as Theorem 3.4 we derive from above the following result. 

THEOREM 5.5. Suppose that the maximal F-invariant set in G is a disjoint 
union of basic hyperbolic sets Ki C G, i = 1 . . . .  , x. Then for each V ~ C(d) all 
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limit points as e ---, 0 of  measures I~, are equilibrium states It ° o fF corresponding 
to the function ~o" + V (with ~o" extended continuously from K~, i = 1 . . . . .  x to 
the whole G) which are linear combinations of  equilibrium states p°v,x , o fF  on K~ 
for those i for which Px,(F, ~o" + V) = max~zjz~ PK,(F, ~o" + V). I f  V is HOlder 
continuous then each o t~v,~c, is uniquely defined. 

REMARK 5.4. Though the estimates as in (4.11) of probabilities for the 
Markov chains X~ to stay in tube neighborhoods of orbits o f F  needed to derive 

(5.19) are more robust than the direct study of absolute continuity of measures 
/~ in the unstable direction as I did in [Ki4], the method of the present paper 
needs two-sided bounds of transition densities pC(x, y) as in Assumptions 1.1 
and 7.1 of Chapter 2 in [Ki4] and the proof from [Ki4] concerning the limiting 

behavior o f /~  as e ----0 uses only upper bounds o f f ( x ,  y) from Assumption 
1.1 of [Ki4]. Of course, the method here describes the limiting behavior o f / ~  
for all continuous V which can not be done by the approach of [Ki4]. 

6. Unperturbed operators 

In this section we consider the family of unperturbed operators T°v,a ( t ) =  
Tv, G(t) for t >= 0 or t =< 0 defined by 

(6.1) Tv,~(t)g(x) = g(Ftx)xG,(x)exp ( f o t V(FSx)ds) 

where G, = {x E G : FSx E G for all s E [0, t]}. Clearly, i f y  E G_, then 

(6.2) Tv, a( - t)(Tv, c(t)g)(y) = g(y). 

In the discrete time case the definition is similar, 

(6.3) Tv,~(n )g(x) = g(F"x)za.(x)exp g ( F k x )  , 
k 1 

where G, = {x E G : Fkx E (7 for all k ~ [0, n]}. Both cases can be treated in the 

same way, so we will use only the representation (6.1) meaning in all 
statements both the continuous and the discrete time case. As before G may be 

a proper open subset of  M or G = M with M compact and in this case Gt = M 
for all t. 

We have seen already that the limit in (1.4) does not depend on the norm 

because diffusions mix points. On the other hand, we will see that 
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1 
(6.4) 2c(V) = l i m -  In II Tv,~(t)II 

l ~  t 

which is the logarithm of  the spectral radius of  the unper turbed semigroup 

Tv.o(t) depends on the choice of  a norm. In what follows we assume that F t is a 

cont inuous flow and that V is a cont inuous function. For each x ~ M let dx 

denotes a unit mass sitting at x.  For any family of  points xt ~ G, consider  the 

probabil i ty measures 

lf0t (6.5) /~' = t  drx, ds 

on G. According to Theorem 6.9 of  [W] all weak limits as t ---- m or as t ~ - m 

of  measures/t ,  belong to the set J¢~ o f F  t-invariant probabil i ty measures on G. 
• F ,+  ' F , -  For any compact  K D G denote by , t /o,r  and A/o,K the subsets of  Jr/F of  all 

measures which can be obtained as weak limits of#,  for all xt E K  O G, at t -o 

or t ---- - m, respectively. 

THEOREM 6.1. (a) If .11 F ~ ~ and 2o(V) is defined by (6.4) with 
being the supremum norm then 

(6.6) 2o(V) = sup f Vdl~ . 
J G  

II-II 

I f  j¢F = ~ then 2 o ( V ) = -  oo. The number 2a(V) remains the same if  

limt-o~ is replaced in (6.4) by l imt-_  ~. 
(b) Let t t~  ~ ( 6 )  be Ft-quasiinvariant in the sense that for any y ~ G - t  

and t > 0 

d(qo F- t ) (y)  
(6.7) drl(y) -- P'(Y)' 

where p,(y) is a positive continuous function on supp r/. Suppose that 2o(V) = 

2~,")(V) defined by (6.4) corresponds to Lq(G, q), q > 1-norm [[ • [[q of  func- 

= If,X'o: s.pp ,1 tions, l] fHq (Slflqdq) l 'q,andtheassociatedoperatornorm. F-  ~ 

then 

(6.8) 2td'~)(V) = sup f ( v + l l n p l ) d a .  

f - If.Ar~,,upp . = ~ then A~'n)(V) = - m. The formula (6.8) remains true i f  one 
takes there X o,F' +,.pp , in place o f  X F', ~upp, and replaces t by - t in (6.4) and (6.7). 
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I f  supp q ~ s u p p #  for all # E  Jr  F (in particular, if  supp q = G) then the 
supremum in (6.8) should be taken over the whole J t  F. I f  q ~¢ t~  then the 
supremum in (6.8) should be taken over all It ~ ~¢l~ satisfying supp It c supp q. 

PROOF. (a) Since Gt, t >_- 0 is a decreasing family of  closed sets then if  all Gt 

are non-empty we have K def O ,s0 Gt ~ ~ .  It is easy to see that FtK c K f o r  

all t >= 0 and since K is a compact  set there exists It ~ ~ /~  with supp It C K. 
Thus i f ~ / F  = ~ then for all t large enough Gt = ~ and by (6.1) for such t, 

[[ Tv.c(t) I[ = 0 which by (6.4) implies that 2c(V) = - ~ in this case. 
Now assume that J/ t  F 4: ~ .  By (6.1), if  [[ • [[ is the supremum norm then 

(r0 ) (6.9) II r ,c(t) II ---< sup exp V ( F S x ) d s  . 
xEGt 

On the other hand, i fg  ~ 1 in G then [[ Tv,~(t)g [[ equals the right hand side of  

(6.9) and since [[ Tv,~(t) [[ _-__ [[ Tv,~(t)g [[ we see that, in fact, one has in (6.9) 

the equality. Thus by the compactness  of  Gt and by the continuity of  V there 

exists xt E Gt such that 

(6.10) 1 In ][ Tv ~(t) I[ = t V(F'xt)ds = Vdltt 
t 

where It, is given by (6.5). Since all weak limits o f  Itt as t ~ ~ are Ft- invariant  

measures then passing in (6.10) to the limit as t ~ ~ we derive 

(6.11) 2 ~ ( V ) =  < sup f VdIt. 

The supremum in the right hand side of  (6.11) is at tained on some measure 

/to E Jt/~ and we can choose/t0 to be ergodic since ergodic measures span ~¢t~. 

Then for Ito-almost all x,  

 yo' f (6.12) lim V(F~x)ds = Vdl4. 
t ~ o O  

Each of  such x belong to Gt for all t. Taking one of  these x we obtain 

> l f 0 t t  1 In ]1 TvG(t) II = - V(FSx) ds 
t 

and passing here to the limit as t -~oo  we derive an inequali ty opposi te  to 

(6.11), and (6.6) follows. The same proof  goes through for negative t. 
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(b) I f  II • I[~ is the Lq(G, r/)-norm with r /E ~ ( G )  satisfying (6.7) then, by 

(6.1) for any t > 0, 

11 Tv, o(t)fllq=( $o, [f(Ftx)lqexp(q So t g(F~x)ds) \l/q 

(6.13) = (So_ ,  If(Y)lqexp(qfotg(f-Uy)du)pt(y)drl(Y)) lie 

(S0 ) --< II f l l~  sup (pt(y))l/qexp V(f-Uy)du . 
y E G - t  n supp v 

Since Pt is a positive function then it is easy to see from (6.7) and the definition 

of  G_t that F-U(G_t n supp 1/) C G-t n supp t/for any u E [0, t], and so taking 

into account  that G_ t decreases as t increases we conclude that the intersection 
/~  = ( n  t>0  G-t) n supp r/ satisfies F-tK C I(. Thus if g =~ ~ ,  which is the 

case when G_t O supp r / ~  ~ for all t _-_ 0, then there exists a F t-invariant 

measure which can be obtained as a weak limit o f  measures/~t as t - -  - oo. 

Hence,  if  A/'F'-c, supp, = ~ then G_t n supp r / =  j~ for all t large enough which 

by (6.13) implies 11 Tv,a(t) [[q = 0, and so 2~'~)(V) = - ~ .  
Assume now that Aro,V'-supp, ~ ~ , and so G_, n supp ~/ ~ ~ for all t ___ > 0. 

The supremum in the right hand side of  (6.13) is at tained for some y = 

yoEG-t N supp~/. Choose f~ in (6.13) so that f~(y)=(Yl(Ue(yo))) l/q when 

y E U,(yo) = {z" dist(z, Y0) < e} andf~ ~-~0 outside of  U~(yo). Since yo~  supp r/ 

then r/(U,(y0)) > 0, and so U f ,  I1~ = 1. For small e we can get II Tv,o(t)f, I1~ 
arbitrarily close to the supremum in the right hand side of  (6.13) yielding 

(;: ) (6.14) II rv,o(¢)I1~ -- sup (pt(y))l/oexp V ( F - U y ) d u  . 
yEG_~N SUpl~ ~ 

Remark  that for any y E G-tt +s), 

(6.15) pt +,(y) = p~(F-ty)p,(y), 

i.e. Pt is a multiplicative cocycle, and so for any y E G- t  and an integer rn > 0, 

--2-m (6.16) Pt(Y) = Pt-.2-'(F-"2-'Y)P2-'( F-t"- r e - ' y ) . .  "p2-.(F Y)P2-'(Y) 

where n is the integral part o f  2rot. For t = n2 -m the supremum in the right 

hand side o f  (6.14) is at tained for some y,,m E G_ n2-m n supp r/. Thus by (6.4), 

(6.14) and (6.16), 
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(6.17) 

where 

(6.18) 

1 V(F~y, m)du) ~'") ( V) = lim sup - - ~  (q ln p, z-'(Y,,m) + f o n2 - 

X lim sup ~ \ k = o ~ - k2-- 
n~ct~ 

f0  - m Vm(z) = V(f-Uz)du. 

It follows from (6.17) and Theorem 6.9 of [W] that 

2m ) 
2~'~)(V) < sup ( - -  ~ lnp2--d~ + 2"  f Vmd~ 

ue.i~, \ q J 
(6.19) 

= sup (lq f lnp'd  + f 
where ~g'm is the set o f F  2-'- invariant measures which can be obtained as weak 

limits when n ~ oc of measures 

1 n - I  1 n - - I  
(6.20) /~¢",~)=- Y~ C~r-k2-',, = ~ 2-mc~v-'2-",. 

nk=O n2-mk=o 

for all y, EG_n2-- N supp ~/. On the other hand if/z UJl~m and/ t  (",'m) ~ / t  as 
n~ ~ oo then, by (6.4) and (6.14), 

(6.21) 

f (!qlnp -'+Vm)dU= f (!qlnp,+V)du. 
Since (6.21) holds true for any/~ E Xm it gives, together with (6.19), 

(6.22) )(d'")(V)= sup f (lqlnp~ + V) Ez . 

We remark that for any continuous function q the integrals ~ gdlt tn,m) are close 

uniformly in n to (l / t)  ~6 g(FUy,)du for large m and t = n 2 - ' .  From this we 

conclude that any weak limit of  a sequence at E Xm, with m~ ---- ~ belongs to 

~/t/'F'-G, supp ~. This together with (6.19) yields (6.8). 
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Finally, if supp r / 3  supp/t  for all/t ~ jgF then ~t/'F'G,-supp r/ contains all ergodic 

measures from j¢F and since they span j I F  we can take the supremum in (6.8) 
• F ,  - -  over the whole deF. If q ~ j g V  then o'VC,~upp, contains all ergodic measures 

F . ~ _  /t E j / F  with supp/t C supp q. Since these measures span the space d/~upp 
V {/1 ~ / / F  : supp/t  C supp q) we can take the supremum in (6.8) over JC,upp,. 

Theorem 6.1 shows that the spectral radius of  the semigroup Tv, o(t) is not 

connected with the topological pressure. In the same way as in item (a) of  

Theorem 6.1 one derives that 

(6.23) 
I 

l i m - l n  1] Tv~(t)l [I = sup | Vdlt 
.3  

where [[ • [[ is the supremum norm and we apply Tv,G(t) to the function 

l ( x ) =  1. On the other hand, the following result shows that, taking in (6.23) 

integral norms, we can end up with the topological pressure. For q E ~'(G), 

t >= 0 and xEG,  put U]")(x, t, G) = {y~Gt  n supp i/: dist(FSx, FSy) <= ¢5 for 

all sE[0 ,  t]). 

THEOREM 6.2. Suppose that q E ~(G) and for some continuous function ~o 
on supp q and all t, fi > 0, x E G t n  supp q one has 

( f o )  (6.24) (A~(t)) -~ < rl(~)(x,  t, G))exp - ~(F'x)ds <-_A~(t) 

where A~(t) > 0 satisfies 

(6.25) lim 1 In Aa(t) = 0. 
t~ov t 

I f  q ~ Jg~ then 

1 1 
(6.26) l i m -  In II = -  P, upp~(F, ~o + qV) 

t -~  t q 

where PIe(F, ~) is the topological pressure defined by (1.19). I f  q is not 
necessarily Ft-invariant but 

d e f  

(6.27) s u p p q D  U supp/t = K, 

then 
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(6.28) lim 1 In II Tv, a( t ) l  [Iq = 1 Pr(F,  ~o + qV). 
t - ~  t q 

PROOF. For each 6, t > 0 denote by S(6, t) a maximal (6, t)-separated set 
(see Section 4) of F s in Gt N supp ~/. Then 

7) 
(6.29) U U~6~)(x, t, G) = Gt N supp q ~ L) U~/E(X, t, G) 

x~S(6,t) x~.S(&t) 

q) 'I) 
and for any y,  z ~ S ( 6 ,  t), y 4: z the sets ~/2(Y, t, G) and ~/2(z, t, G) are 
disjoint. Then 

( t, ( ~" //\\"q Y~ r/(U~")(x, G))exp qd0'(V(FSx)+ 7G(V, ~))ds~} 
xES(&t) 

(6.30) >-- I[ Tv, (t)l Ilq ( (£ ))1,, 
>= Y~ q(U~/z(X, t, G))exp q ( V ( f ' x )  - ?~(V, 6))ds 

xES(~,t) 

with 7~(~, 6) defined by (4.10). This together with (6.24) give 

(6.31) 
> Ag21/q(t)e - %~ v,~). 

If q E.A/~ then, taking In in (6.31), dividing by t, letting first t ~ oe and then 
~ 0 ,  we derive (6.26) in view of (6.25) and (4.16)-(4.18). Here we need a 
standard version of the variational principle (Theorem 9.10 in [W]) for the 
restriction of the flow F t to the F t-invariant set supp q. If q may be not 
U-invariant bm (6.27) holds true, then we derive (6.28) from (6.31) by a slight 
modification of the proof of Theorem 9.10 in [W]. [] 

COROLLARY 6.1. Suppose that the m a x i m a l  invariant set in G o f  a C2 f low 

F t consists o f  a unique basic hyperbolic set K c G. I f q  is an equilibrium state 

corresponding to a HOlder continuous function ~ on K then (6.26) holds true 

with ~o = ~u - Pr.(F, q/). I f  rl is the normalized R iemannian  volume on some 

neighborhood o f  K then (6.28) holds true with ~o = ~o ~ defined by (2.5). 

PROOF. If r/ is an equilibrium state for a H61der continuous ~u, then it 
follows from Section 3 of [BR] that the conditions (6.24) and (6.25) will be 
satisfied for ~o = ~ - PK(F, ~). If r/is the normalized Riemannian volume on a 
neighborhood of K, then by the volume lemma (Lemma 4.2 of [BR]) the 
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condit ions (6.24) and (6.25) will be satisfied for ~ --- ~o u. D 

REMARK 6.1. Corollary 6.1 generalizes Theorem 1 f rom [V]. 

REMARK 6.2. Using volume estimates f rom [Y] one can generalize Corol- 

lary 6.1 for  uniformly partially hyperbolic sets. 

REMARK 6.3. It would be interesting to generalize Corollary 6.1 to the 

case when G contains several basic hyperbolic sets in the spirit o f  Theorems  2.1 

and 3.4. Namely,  let G = M be compact  and suppose that  F t is an Axiom A 

flow with no cycle property,  i.e. the maximal  Ft- invariant  set consists o f  

finite number  o f  basic hyperbolic sets K~ . . . . .  K~ which are different equiva- 

lence classes in the sense o f  Section 2. I f  (q) 2o (II) corresponds to 

Lq(M,  m ) - n o r m  by the formula (6.4) within the Riemannian  volume,  then it is 

quite plausible that 

1 1 
2~)(V) = - P M ( F ,  ~O u + qV) = -  max P~,(F, ~u + qV).* 

q q l~i<~x 

This formula is certainly true and not  difficult to prove i f  all g~, i = 1 . . . . .  x 

are fixed points or periodic orbits o f  F t. This can be done by a me thod  similar 

to [Wi]. 
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